This paper analyzes the investment-consumption problem of a risk averse investor in discrete-time model. We assume that the return of a risky asset depends on the economic environments and that the economic environments are ranked and described using a Markov chain with an absorbing state which represents the bankruptcy state. We formulate the investor's decision as an optimal stochastic control problem. We show that the optimal investment strategy is the same as that in Cheung and Yang (2004) , and a closed form expression of the optimal consumption strategy has been obtained. In addition, we investigate the impact of economic environment regime on the optimal strategy. We employ some tools in stochastic orders to obtain the properties of the optimal strategy.
Introduction
The optimal consumption-investment problem is of both theoretical interest and practical importance. Samuelson (1969) considered a discrete-time consumption-investment model with the objective of maximizing the overall expected utility of consumption. He advocated a dynamic stochastic programming approach and succeeded in obtaining the optimal decision for the consumption-investment model. Merton (1969 Merton ( , 1971 ) (see also Merton (1990)) extended the model in Samuelson (1969) to a continuous-time setup and used stochastic optimal control methodology to obtain the optimal portfolio strategy under specific assumptions about asset returns and investor preferences. He showed that under the assumptions of log-normal stock returns and HARA utility the optimal proportion invested in the risky asset was constant. Hakansson (1982, 1985) used a discrete-time approach to determine optimal asset allocations. These authors updated the joint distribution of asset returns every period and were thus able to incorporate time variation in the return distribution. They concluded that active rebalancing among the major asset classes can substantially improve investment performance. Various versions and extensions of Samuelson's model and Merton's model have been studied extensively during the past thirty years. For recent developments on this subject, we refer the readers to the monographs by Campbell and Viceira (2001) , Karatzas and Shreve (1998) and Korn (1997) .
The model in this paper is related to the Markovian regime switching models. Recently, there has been resurgent interest of using regime switching models in finance. Di Masi et al. (1994) investigated the European option pricing problem under the Black-Scholes formulation of the market in which the underlying economy switches among a finite number of states. Buffington and Elliott (2002) further studied the American option pricing problem under this setup. Guo (2001) studied the option pricing problem under a similar setup and interpreted the Markov chain as the state of information in the investors' community. Hardy (2001) used monthly data from the Standard and Poor's 500, and the Toronto Stock Exchange 300 indices to fit a regime switching log-normal model. The fit of the regime switching model to the data was compared with other econometric models. Her conclusion was that the regime switching model is better than all the models considered. Zariphopoulou In Cheung and Yang (2004) , a dynamic asset allocation problem in a regime-switching environment was considered . The price process of the risky asset is modeled as a discrete-time regime switching process and it was shown that the optimal trading strategy is consistent with our intuition in that investors should put a larger proportion of the wealth in the risky asset when the underlying Markov chain is at a better regime. In this paper, we will take up the task of studying the optimal investment-consumption strategy under the regimeswitching model with a bankruptcy state. The problem of this paper is related to the optimal consumption-investment problems with credit risk. There are some papers addressing this problem in the literature, Browne (1999) dealt with the optimal consumption investment problem under a continuous model in which the bond is subject to credit risk. The credit risk may lead to a negative jump in the bond price, and the jumps are triggered by a Poisson process.
We assume that the investor can decide how much to invest and consume at the beginning of each time period. The risky asset price process is assumed to be a discrete Markovian regime switching process. In particular, we assume that the underlying Markov chain has an absorbing state of . When the Markov chain switches to this absorbing state, the risky asset bankrupts and the investor will only get a certain fraction, known as the recovery rate, of what (s)he should have received. We assume that the risk-free asset earns a constant interest. Using the expected sum of utility of consumptions and utility of terminal wealth as the maximization criterion, we want to find the optimal investment-consumption strategy and understand how it depends on the underlying Markov chain. For example, should the investor consume (invest) more or less in a "better" environment? The effect of the recovery rate, as well as the existence of the absorbing state, on the optimal investment-consumption strategy will also be examined.
Model Formulation
We will study the optimal investment-consumption problem in a discrete-time, finite-horizon setting. Throughout this paper, the investment horizon T ∈ N is fixed. We assume that at the beginning of each time period, an investor can decide the levels of investment and consumption, which should be non-negative and less than his/her total wealth at that time.
The random return of the risky instrument over different time periods will depend on the state of a finite-state Markov chain {ξ n } at the beginning of that time period. Different states of the Markov chain represent different investment environments of the risky instrument.
We further assume that the Markov chain has an absorbing state, which represents the "bankrupt" state. The state space of this Markov chain is M = {1, 2, . . . , M }, and the transition probability matrix is denoted as P = {p ij }. Let M * = M \ {M }. State M represents the absorbing state (i.e. the bankruptcy state), hence we have
If "bankrupt" occurs, the investor can only get a fraction δ of the amount that he/she should have got. The fraction δ, called the recovery rate, is a random variable taking values in [0, 1].
We assume that the risk-free asset has a constant interest rate r ≥ 0. If the risky instrument has bankrupted, we assume that the investor can put her/his money in the risk-free asset or consume. After deciding the consumption level, the remaining amount of money will be put in the risk-free asset with return rate R = 1 + r.
The wealth of the investor at time n will be denoted as W n , and the random return in time period [n, n + 1] given that ξ n = i ∈ M * as R i n . It should be noticed that R i n is not defined when i = M , because if the risky instrument has already bankrupted, it is meaningless to discuss its future return. The time n consumption level is denoted as c n . It is constrained to lie in the interval [ 0, W n ], which has the obvious meaning that the investor cannot consume more than he/she owns. After consumption, a proportion of α n of the remaining amount will be invested in the risky asset with 0 ≤ α n ≤ 1 and the rest in the risk-free asset. The constraints 0 ≤ c n ≤ W n and 0 ≤ α n ≤ 1 are called the budget constraint. The wealth of the investor will evolve according to
for n = 0, 1, . . . , T − 1, where 1 A is the indicator function of the event A.
The sequence of maps (C, α) = {(c 0 , α 0 ), . . . , (c T −1 , α T −1 )} that satisfies the budget constraints is called the investment-consumption strategy. Due to the Markov nature of the dynamic, we only need to consider Markov strategies. Each c n maps the pair (i, w) ∈ M × R + to [0, w], representing the amount to be consumed at time n; each α n maps the pair
, representing the proportion of wealth to be invested in the risky asset at time n after consumption. The expected sum of the utility of consumptions with a terminal utility is used as a criterion to measure the performance of an investmentconsumption strategy. We assume that the utility takes the following form
where 0 < γ < 1 is a fixed constant. Note that U (x) is called a power utility and belongs to the type of constant relative risk aversion (CRRA) utility functions.
Given that the investor has an initial endowment of amount W 0 and the Markov chain is initially at regime i 0 ∈ M * , our objective is to
where w > 0, i 0 ∈ M * , ρ > 0 is the discount rate. Notice that in the above formulation, we do not allow the Markov chain {ξ} to start at regime M . If ξ 0 = M , the Markov chain will stay at this absorbing regime and problem (5) becomes a purely deterministic dynamic programming problem which is not of interest to us. The optimal c's and α's that can solve problem (5) is called the optimal investment-consumption strategy, and is denoted as
The following assumptions are made throughout this paper:
(i) for fixed i ∈ M * , the random returns R (ii) in different time periods, the random returns are conditionally independent, i.e.
(iii) the Markov chain ξ is independent of all the random returns:
for all i 0 , . . . , i n , ∈ M * , i n+1 ∈ M, B ∈ B(R) and n = 0, 1, . . . , T − 1, where B(R) is the Borel σ-field.
(iv) the recovery rate δ is independent of all other random variables.
Although (iii) assumes that ξ is independent of all the random returns, the bankruptcy time depends on the regime by the transition probability. If each R i is log-normally distributed, then the model reduces to the one proposed in Hardy (2001) . As the random return has distribution F i whenever the market is at regime i, which depends on i but independent of n, the distributions of the returns in different time periods depend only on the value of the Markov chain. It is natural that under different investment environments, the performance of the risky instrument may differ, hence the return distributions would also be different. This means that F 1 , F 2 , . . . , F M −1 should be different from each other. If 
Optimal Investment-Consumption Strategy
The standard way to solve the optimal investment-consumption problem is to employ the Dynamic Programming technique introduced by Bellman. It is necessary to introduce the following concept:
Our objective is to compute
By the theory of Dynamic
Programming, the value function as well as the optimal investment-consumption strategy can be obtained by solving the Bellman Equation:
for n = 0, 1, . . . , T − 1, together with the terminal condition
Before solving the dynamic programming equations, we need the following result, which can be proved easily using elementary calculus.
Proof: Consider the following maximization problem:
where K is a strictly positive constant. Using the first order condition
and that c γ + (w − c) γ K is concave in c, we have that the supremum is achieved at
which is an increasing function in K. The lemma is proved.
The following corollary is a direct result of Lemma 1.
for some α * , we have
and the supremum is achieved at
It was shown in Cheung and Yang (2004) that there is a unique α i in the interval [0, 1] such that E[(αR
We denote it as α * i . To prepare for the next theorem, we define the following notations.
Theorem 1 For n = 0, 1, . . . , T , the value function is given by
and the optimal investment-consumption strategy is given bŷ
Proof: We prove the theorem by induction. The result is obviously true when n = T .
When n = T − 1 and i = M , we have
Since the function E[(αR
by Lemma 1 and Corollary 1,
where the maximum value is achieved at
where the maximum is achieved at
Thus Theorem 1 is true when n = T − 1. Now we assume that the results are true when
where the maximum is achieved atĉ
Hence Theorem 1 is also valid for n = k. By induction, the theorem is proved.
From Theorem 1, we can see that at time n, when the current regime is i, then we should consume a fraction of our wealth that is equal to
and then invest a proportion of α * i of the remaining wealth in the risky asset when i = M . It is interesting to note that α * i only depends on the economic state, not the time. However, our optimal consumption strategy depends on the current regime i and the investment time n through the function L. Therefore, the problem of optimal investment-consumption strategy becomes two separate problems. The optimal investment strategy is the same as in Cheung and Yang (2004) , so all the properties for the optimal investment strategy there are still true
here. In what follows, we would investigate some qualitative properties of the function L which enable us to have a clearer picture about how we should consume in an optimal way under the regime-switching environment.
n is decreasing in n:
Proof: Since for any i ∈ M * ,
and hence for each i ∈ M,
and for i ∈ M,
Thus (19) and (20) follow from induction.
As an immediate consequence, we obtain Corollary 2 For any fixed i ∈ M and w > 0,
We remark that inequalities (19) , (20) , and (21) are in fact strict, provided that E[δ γ ] > 0 or p iM < 1. Actually, this should be assumed in order not to make the problem trivial: if E[δ γ ] = 0 and p iM = 1, then it is optimal to consume everything immediately.
Given that the regimes are the same at two different time periods, the monotonicity of
· implies that when we are closer to the end of the horizon, we should consume a larger proportion of our wealth. This strategy is quite intuitive and reasonable. If we are closer to the end of the horizon, a short-term fluctuation in the price of the risky instrument may bring a loss to us that we may not have enough time to regain the loss. Therefore, we should adopt a more conservative strategy by consuming more and invest less. Having ranked the regimes, it is then reasonable to assume the following: the better the current regime is, the lower the probability of switching to the worst k states, for all k. This makes the following definition natural in the present context. (22) is the probability of switching to the worst M − r + 1 regimes from regime j while the sum on the right is the probability of switching to the worst M − r + 1 regimes from regime i. If it is assumed that
and regime M is the bankruptcy state, j ≤ i implies that regime j is better than regime i.
The transition probability matrix being stochastically monotone simply means that if the current market is at a better regime, then it will have a smaller probability of switching to the worst l regimes in the next time period, for any l.
Let e k = (1, . . . , 1, 0, . . . , 0) (i.e. the first k coordinates are 1, and the rest are 0) for Lemma 2 Suppose that P is an M × M stochastic matrix. The following statements are equivalent:
1. P is stochastically monotone;
3. e k ∈ P D for all k = 1, 2, . . . , M .
Indirect justification of the assumption that the transition probability matrix P is stochastically monotone can be obtained by looking at the migration behavior of the credit-rating Table 1 below is adopted from page 20
of the Technical Document of CreditMetrics TM . The numbers in bracket are the cumulative row sum (from the right). By and large, the numbers in bracket are increasing down each column, which is precisely the definition for stochastic monotonicity. From this real-life example, we can see that the transition matrix, which governs the probabilistic behavior of the migration of credit-rating of corporate bonds, is very close to being stochastically monotone.
Therefore, assuming P to be stochastically monotone is not that unrealistic. Proposition 2 Suppose that the transition probability matrix P is stochastically monotone.
Assume that
and
Then we have
Proof: We note that (25) is proved in Cheung and Yang (2004) . We prove other properties by induction. First, as P is stochastically monotone, we have
by the definition of a stochastically monotone matrix. Together with the fact that δ takes values in [0, 1], it is immediate that (27) is true for n = T − 1. From (24) and (25), we can deduce that (26) is also true for n = T − 1. Next, assume that (26) and (27) are true for some k = n + 1. Since 0 < γ < 1 and 0 ≤ δ ≤ 1, we have
As the transition matrix P is stochastically monotone, then by Lemma 2, we can conclude that (27) is also true for k = n. It remains to show that (26) is also true for k = n. As (27) is true for k = n + 1, it is easy to see from definition that
We only need to prove that
n . Note that this is equivalent to
n+1 ) 1−γ , which can be shown as follows:
where the last inequality follows from (24) .
If $1 is optimally invested today (at regime M − 1, the second worst regime), then
is the maximum expected utility of the amount one period later, allowing for default risk. The condition
≥ R γ in the above proposition simply means that the risk-averse investor would prefer the risky asset to the risk-free asset even in such a worse regime.
The following corollary is a direct consequence of Theorem 1 and Proposition 2.
Corollary 3 Under the same assumptions of Proposition 2, we havê
for w > 0 and n = 0, 1, . . . , T .
This illustrates that the optimal consumption strategy is consistent with our intuition:
when the Markov chain is at a better regime (under the criterion of SSD order), we should consume a smaller proportion of his/her wealth such that more money can be put in the risky instrument to enjoy the potentially more rewarding investment return.
Effect of Recovery Rate
In this section, we will study how the recovery rate affects the optimal consumption strategy.
In particular, suppose that the original recovery rate δ is replaced by another [0, 1]-valued random variable δ, and we useĉ n (i, w; δ) andĉ n (i, w; δ) to denote the optimal consumption level at time n, regime i if the recovery rate is given by δ and δ respectively, then we may want to know which is larger. The following proposition provides a simple criterion in this regard.
Essentially, this says that when the recovery rate is "larger", the optimal consumption level should be lower.
Proposition 3 Suppose δ and δ are two [0, 1]-valued random variables that are independent of the Markov chain {ξ} and all the random returns. If
for all possible i, w and n.
Proof: The proof is trivially follows from Theorem 1 and the recursive formulae (14)-
.
To illustrate the result, suppose that δ is uniformly distributed on the unit interval [0, 1] and δ is degenerated at 1 2 . Then E(δ γ ) = 1/(1 + γ) and E( δ γ ) = 1/2 γ . It is not difficult to show that 1 1 + γ ≤ 1 2 γ for 0 < γ < 1 (for rational γ, use the Arithmetic-Geometric Mean Inequality, then use continuity to extend to all γ ∈ [0, 1]). In other words,
hence we can conclude from the previous proposition that c n (i, w; δ) ≥ĉ n (i, w; δ).
Effect of the Existence of the bankruptcy Regime
In this section, we will study numerically how the optimal consumption strategy changes when there is no bankruptcy state (state M ) in the model studied above. Due to the facts that the optimal investment strategy is time independent and is separated from the optimal consumption decision, we can assume that α * i = 1 for all i ∈ M * for simplicity. Making this simplifying assumption will not distort any qualitative properties of the optimal consumption strategy, and it has the extra advantage that we can avoid calculating each α * i which does not have any closed form expression. The model developed in Section 2 can be modified easily to handle the case of no bankruptcy state, and the associated optimal consumption strategy can be obtained readily. Suppose that the state space of the with-absorbing state Markov chain is again M = {1, 2, . . . , M }, where state M is the bankruptcy (absorbing) state, and the transition probability matrix is the M × M stochastic matrix P, which is assumed to be stochastically monotone. By setting p iM = 0 for i ∈ M * = {1, 2, . . . , M − 1}, the Markov chain ξ will never switch to the absorbing state if it starts at one of the states in M * . This gives the basis of comparing two regime-switching models, one has a bankruptcy regime and the other has not. By reversing the above process (that is, extending an (M − 1)
matrix by adjoining an extra isolated regime), the optimal consumption strategy for the without-bankrupt case could be obtained from the formulae in Section 3.
In order to compute the optimal consumption strategy in the without-bankrupt case, we need to specify the associated transition probability matrix. To make the comparison fair, we may take the minor P M M (i.e. the (M − 1) × (M − 1) matrix obtained from P by deleting the M -th row and the M -th column) as the new transition probability matrix. However, this matrix, denoted asP = (p ij ), is not a stochastic matrix as there is a loss of mass in each row. In each row i, we have to allocate the probability p iM to the remaining entries. One possible way is through normalization:
This method has a drawback: the matrixP may no longer be stochastically monotone, and the resulting optimal strategy may lose some monotonic properties. One simple method that could preserve the stochastic monotonicity of the transition matrix is by setting All the necessary ingredients are now ready and we can calculate the optimal consumption strategy (in terms of the proportion of the wealth to be consumed) in both the withbankrupt and without-bankrupt cases. The following table shows the optimal proportions to be consumed for the with-bankrupt case: Table 2 With-Default n = 0 n = 1 n = 2 n = 3 n = 4 n = Notice that there are only three regimes in this case as the bankruptcy state is eliminated.
We can observe that the entries in Table 3 are all less than the corresponding entries in Table   2 . For example, at time n = 3, we should consume 23.32% of our total wealth in regime 2 in the with-bankrupt case, while in the without-bankrupt case, we should consume only 21.52%.
To explain the difference, we should understand that the riskier the investment is, the more we should consume and vice versa. The reason is that in a risky investment environment, the investor is not certain about his/her wealth one period later. If the investment environment is riskier (for instance, with the possibility of default), (s)he may foresee a higher chance of suffering a loss. Given such a perception, it would be natural to consume a larger portion of the wealth so that the risk exposure is lowered.
Effect of Regime-Switching
In the numerical example above, we have demonstrated the effect of the existence of a bankruptcy state. In this section, we will study, through continuing the previous numerical example, the effect on the optimal consumption strategy of modeling the price process of the risky asset by a regime-switching process. As in the previous section, we assume that α * i = 1 for all i ∈ M * for simplicity. Suppose that as in the without-bankrupt case of the previous numerical example, there are three regimes. Under the ordering R 3 ≤ SSD R 2 ≤ SSD R 1 , we may say that regime 1 represents a good investment environment, regime 2 represents an average investment environment, while regime 3 represents a bad investment environment.
If an investor adopts an optimistic view by simply assuming a good investment environment throughout (i.e. the return of the risky asset in each time period has the same distribution as R 1 ) and ignore the possibility of regime-switching, then how does the optimal consumption strategy differ from the one that takes into account the regime-switching effect? Similarly, what if the investor adopts a pessimistic (average resp.) view by assuming a bad (average resp.) investment environment throughout?
To compute the optimal consumption strategies for these three cases (i.e. the optimisticview case, the average-view case, and the pessimistic-view case), we could again apply the same method as for the without-bankrupt case in the previous section, but replacing proportions to be consumed for these three cases. Table 3 , the optimal consumption proportions for the optimistic-view case in all the time periods are less than the corresponding one for the without-bankrupt case. This result is not difficult to explain. For the optimistic-view case, by assuming a good investment environment throughout, the investor will underestimate the risk (s)he is facing.
As a result of such underestimation, the investor will prefer to consume a smaller proportion of his/her wealth so that a larger proportion can be invested in the risky asset. Similarly, the optimal consumption proportions for the pessimistic-view case in all the time periods are larger than the corresponding one for the without-bankrupt case. This can be explained similarly -the investor has overestimated the risk and hence would prefer to lower the risk exposure by consuming a larger proportion of his/her wealth.
For the average-view case, we observe that the optimal proportions to be consumed are larger than that in the without-bankrupt case. However, this is not always the case. Whether it is smaller or larger depends on both the transition probability matrix and the sizes of the The optimal proportions to be consumed in the new without-bankrupt case are shown in the next table (the optimal values for the average-view case in Table 4 , which are unchanged if only theP is changed, are reproduced here for easy comparison): One can see that under the new probability matrix, the optimal proportions to be consumed are smaller than that in the without-bankrupt case. The reason is that the Markov chain under the new probability transition matrix has a higher tendency to stay in regime 2 and regime 3, which are the average and the bad regimes. If the investor adopts an average viewpoint by assuming that the Markov chain will stay in regime 2 forever, (s)he may have underestimated the risk. Such underestimation leads to a more aggressive strategyconsume less and invest more in the risky asset.
Conclusion
In this paper, we have examined the optimal investment-consumption strategy under a regime-switching environment in the presence of bankruptcy risk. The underlying Markov chain is assumed to have an absorbing state. When the Markov chain switches to the absorbing state, the risky asset will bankrupt. It turns out that the optimization problem for finding optimal investment and optimal consumption strategies becomes two separate problems. We show that the optimal investment strategy is the same as in Cheung and Yang (2004) , and a closed form expression has been obtained for the optimal consumption strategy, and we have shown that we should consume a larger portion of our wealth when we are closer to the end of the horizon for fixed regime, or when the Markov chain is at a worse regime, based on the SSD order as a criterion, for fixed time. We have also studied the effect of the existence of a bankruptcy state and the effect of the possibility of regime-switching numerically. The results found admit natural interpretations and show the significance of taking the effect of switching regime into account when considering the optimal investment and consumption behaviors. Our analysis demonstrates that the regime-switching model is indeed a sensible generalization of the traditional single-regime model.
